We review and consider the entanglement swapping between two Bell states proposed byŻukowski et al. [Phys. Rev. Lett. 71 (26) 4287]. We introduce a special class of Greenberger-Horne-Zeilinger states, and consider their entanglement swapping. We also show the applications of the proposed entanglement swapping schemes in quantum cryptography.
Introduction
Entanglement plays a central role in quantum information processing tasks such as quantum computation [1] , quantum dense coding [2] , quantum teleportation [3] , quantum error correction [4] , and quantum cryptography [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . As one of the most surprising effects of the nonlocality of quantum mechanics, entanglement swapping is a particularly intriguing and useful method to create entangled states [15] : creating entanglement between distant nodes which have never interacted. With the assistance of a third party, two parties who have never shared entanglement can share entanglement, such that they can complete many quantum communication tasks [15] [16] [17] [18] [19] [20] [21] [22] [23] . A typical example is provided by the creation of Greenberger-Horne-Zeilinger (GHZ) states and the use of their entanglement swapping in quantum cryptography [24] [25] [26] [27] , such as quantum key distribution and quantum secure multi-party computation [17] [18] [19] [20] [21] [22] [23] .
Entanglement swapping was originally proposed byŻukowski et al. [15] . Their idea is that Alice and Bob share an entangled state beforehand, and Bob shares another entangled state with Charlie; then Bob performs a Bell measurement on the two particles he holds, which eventually enables Alice and Charlie to share an entangled state. Later, entanglement swapping was generalized to multipartite quantum systems by Zeilinger et al. [24] and Bose et al. [25] independently. The generalizations of entanglement swapping for multipartite and arbitrary dimensional quantum systems were presented in Refs. [16, 20] . Entanglement swapping schemes for discrete and continuous variable systems were proposed and demonstrated in Refs. [28] [29] [30] [31] [32] . In addition, entanglement swapping was experimentally realized using different quantum resources such as polarization entangled photons and linear optics phase gate [26, [33] [34] [35] . Recently, entanglement swapping between two multipartite entangled states each composed of more than two subsystems was demonstrated [36] . Ottaviani et al. proposed and demonstrated a multipartite entanglement swapping protocol with continuous-variable architecture, which is able to generate an entangled cluster state in an optical lossy network [37] .
In this paper, we will first review the entanglement swapping of two Bell states, which was proposed byŻukowski et al. [15] . We will then introduce a special class of GHZ states (hereinafter called SGHZ states), and consider their entanglement swapping. We will first consider the entanglement swapping for two Bell states and two SGHZ states, respectively, and then the entanglement swapping for any number of Bell states and any number of SGHZ states. Our aim is to look for the cases where two identical GHZ can be created after entanglement swapping. We will show that the creation of two identical GHZ states or two identical Bell states by entanglement swapping can find applications in quantum cryptography, including quantum key distribution [7] , quantum private comparison [38, 39] , and quantum secret sharing [20] .
The structure of the rest of this paper is as follows. In Sec. 2, we introduce first the SGHZ states, and then consider the entanglement swapping of Bell states and SGHZ states. In Sec. 3, we apply the proposed entanglement swapping schemes to quantum key distribution, quantum private comparison, and quantum secret sharing. We summarize this paper in Sec. 4.
Entanglement swapping
Let us start by reviewing the entanglement swapping between two Bell states. The Bell states can be expressed as [15] 
One can get
We would first like to review the entanglement swapping of two identical Bell states, including four cases: 
where the subscripts (1, 2) and (3, 4) (6), we find that when the initial two Bell states are the same, the two Bell states created after the Bell measurement are the same (i.e., the measurement result is the same as the Bell state that the particles (2,4) collapse into), otherwise they are different.
In what follows, we will introduce a special class of GHZ states and consider entanglement swapping. Let us first introduce the full set of canonical orthonormal m-qubit (m ∈ N + and m ≥ 3) GHZ states [40] :
where d = 0, 1, . . . , 2 m−1 − 1, and B(d) = 0b 2 b 3 · · · b m is the binary representation of d in an m-bit string, thus d = b 2 · 2 m−2 + b 3 · 2 m−3 + · · · + b m · 2 0 . These states are complete,
and they can be written in a more concise form:
Let us now introduce the special class of GHZ states (hereinafter called SGHZ states for simplicity),
each of which contains 2n qubits, where n ∈ N + and n ≥ 2, e = i 2 · 2 2n−2 + i 3 · 2 2n−3 + · · · + i 2n · 2 0 , and 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n or 0i 2 i 3 · · · i n =ī n+1īn+2 · · ·ī 2n (this is what makes the states special). One can get
Now we consider the entanglement swapping between two SGHZ states. Let us first describe the entanglement swapping between two identical SGHZ states, including the cases of ( G + e 12 , G + e 34 ) and ( G − e 12 , G − e 34 ), where the subscripts (1,3) denote the first n particles in G ± e 12 and G ± e 34 , and (2,4) the last n particles. Suppose that a GHZ measurement is performed on the particles (1,3) (similarly hereinafter, see Fig. 2 ), then the entanglement swapping can be expressed as G ± e 12 ⊗ G ± e 34 = |0i 2 i 3 · · · i 2n 12 ± 1ī 2ī3 · · ·ī 2n 12 ⊗ |0i 2 i 3 · · · i 2n 34 ± 1ī 2ī3 · · ·ī 2n 34 = |0i 2 i 3 · · · i 2n 12 |0i 2 i 3 · · · i 2n 34 ± |0i 2 i 3 · · · i 2n 12 1ī 2ī3 · · ·ī 2n 34 ± 1ī 2ī3 · · ·ī 2n 12 |0i 2 i 3 · · · i 2n 34 + 1ī 2ī3 · · ·ī 2n 12 1ī 2ī3 · · ·ī 2n 34 = |0i 2 i 3 · · · i n 0i 2 i 3 · · · i n 13 |i n+1 i n+2 · · · i 2n i n+1 i n+2 · · · i 2n 24 ± 0i 2 i 3 · · · i n 1ī 2ī3 · · ·ī n 13 i n+1 i n+2 · · · i 2nīn+1īn+2 · · ·ī 2n 24 ± 1ī 2ī3 · · ·ī n 0i 2 i 3 · · · i n 13 ī n+1īn+2 · · ·ī 2n i n+1 i n+2 · · · i 2n 24 + 1ī 2ī3 · · ·ī n 1ī 2ī3 · · ·ī n 13 ī n+1īn+2 · · ·ī 2nīn+1īn+2 · · ·ī 2n 24
if 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n ;
if 0i 2 i 3 · · · i n =ī n+1īn+2 · · ·ī 2n ;
where G ± g = 0i 2 i 3 · · · i nīn+1īn+2 · · ·ī 2n ± 1ī 2ī3 · · ·ī n i n+1 i n+2 · · · i 2n . Let us then describe the entanglement swapping between two different SGHZ states, including the cases of ( G ± e , G ∓ e ), ( G ± e , G ± e ), and ( G ± e , G ∓ e ), where e e and G ± e = |0 j 2 j 3 · · · j 2n ± 1j 2j3 · · ·j 2n , G ± e 12 ⊗ G ∓ e 34 = |0i 2 i 3 · · · i 2n 12 ± 1ī 2ī3 · · ·ī 2n 12 ⊗ |0i 2 i 3 · · · i 2n 34 ∓ 1ī 2ī3 · · ·ī 2n 34 = |0i 2 i 3 · · · i 2n 12 |0i 2 i 3 · · · i 2n 34 ∓ |0i 2 i 3 · · · i 2n 12 1ī 2ī3 · · ·ī 2n 34 ± 1ī 2ī3 · · ·ī 2n 12 |0i 2 i 3 · · · i 2n 34 − 1ī 2ī3 · · ·ī 2n 12 1ī 2ī3 · · ·ī 2n 34 = |0i 2 i 3 · · · i n 0i 2 i 3 · · · i n 13 |i n+1 i n+2 · · · i 2n i n+1 i n+2 · · · i 2n 24 ∓ 0i 2 i 3 · · · i n 1ī 2ī3 · · ·ī n 13 i n+1 i n+2 · · · i 2nīn+1īn+2 · · ·ī 2n 24 ± 1ī 2ī3 · · ·ī n 0i 2 i 3 · · · i n 13 ī n+1īn+2 · · ·ī 2n i n+1 i n+2 · · · i 2n 24 − 1ī 2ī3 · · ·ī n 1ī 2ī3 · · ·ī n 13 ī n+1īn+2 · · ·ī 2nīn+1īn+2 · · ·ī 2n 24
± 1ī 2ī3 · · ·ī 2n 12 |0 j 2 j 3 · · · j 2n 34 + 1ī 2ī3 · · ·ī 2n 12 1j 2j3 · · ·j 2n 34 = |0i 2 i 3 · · · i n 0 j 2 j 3 · · · j n 13 |i n+1 i n+2 · · · i 2n j n+1 j n+2 · · · j 2n 24 ± 0i 2 i 3 · · · i n 1j 2j3 · · ·j n 13 i n+1 i n+2 · · · i 2njn+1jn+2 · · ·j 2n 24 ± 1ī 2ī3 · · ·ī n 0 j 2 j 3 · · · j n 13 ī n+1īn+2 · · ·ī 2n j n+1 j n+2 · · · j 2n 24 + 1ī 2ī3 · · ·ī n 1j 2j3 · · ·j n 13 ī n+1īn+2 · · ·ī 2njn+1jn+2 · · ·j 2n 24
if 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n and 0 j 2 j 3 · · · j n = j n+1 j n+2 · · · j 2n ;
if 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n and 0 j 2 j 3 · · · j n =j n+1jn+2 · · ·j 2n ;
and 0 j 2 j 3 · · · j n = j n+1 j n+2 · · · j 2n ;
where G ± p = |0i 2 i 3 · · · i n 0 j 2 j 3 · · · j n ± 1ī 2ī3 · · ·ī n 1j 2j3 · · ·j n and G ± q = 0i 2 i 3 · · · i n 1j 2j3 · · ·j n ± 1ī 2ī3 · · ·ī n 0 j 2 j 3 · · · j n , G ± e 12 ⊗ G ∓ e 34 = |0i 2 i 3 · · · i 2n 12 ± 1ī 2ī3 · · ·ī 2n 12 ⊗ |0 j 2 j 3 · · · j 2n 34 ∓ 1ī 2j3 · · ·j 2n 34 = |0i 2 i 3 · · · i 2n 12 |0 j 2 j 3 · · · j 2n 34 ∓ |0i 2 i 3 · · · i 2n 12 1j 2j3 · · ·j 2n 34 ± 1ī 2ī3 · · ·ī 2n 12 |0 j 2 j 3 · · · j 2n 34 − 1ī 2ī3 · · ·ī 2n 12 1j 2j3 · · ·j 2n 34 = |0i 2 i 3 · · · i n 0 j 2 j 3 · · · j n 13 |i n+1 i n+2 · · · i 2n j n+1 j n+2 · · · j 2n 24 ∓ 0i 2 i 3 · · · i n 1j 2j3 · · ·j n 13 i n+1 i n+2 · · · i 2njn+1jn+2 · · ·j 2n 24 ± 1ī 2ī3 · · ·ī n 0 j 2 j 3 · · · j n 13 ī n+1īn+2 · · ·ī 2n j n+1 j n+2 · · · j 2n 24 − 1ī 2ī3 · · ·ī n 1j 2j3 · · ·j n 13 ī n+1īn+2 · · ·ī 2njn+1jn+2 · · ·j 2n 24
and 0 j 2 j 3 · · · j n =j n+1jn+2 · · ·j 2n ;
From Eqs. 12 to 15, for two initial SGHZ states, denoted as |G a 12 ⊗ |G b 34 , the two identical GHZ states can be obtained whether a = b or not after the entanglement swapping when |G a and |G b meet the following two conditions: (1) 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n and 0 j 2 j 3 · · · j n = j n+1 j n+2 · · · j 2n , or 0i 2 i 3 · · · i n =ī n+1īn+2 · · ·ī 2n and 0 j 2 j 3 · · · j n = j n+1jn+2 · · ·j 2n , (2) Both |G a and |G b are in G + e or G − e . Now we would like to summarize all the above calculation results. To simplify the expression, let us first introduce the following quantum states:
where i 1 , i 2 , . . . , i 2l ∈ {0, 1}, 0i 2 i 3 · · · i l = i l+1 i l+2 · · · i 2l orī l+1īl+2 · · ·ī 2l , and l ∈ N + (when l = 1, |X ± are Bell states; when l > 1, they are SGHZ states). Our summary is as follows:
Theorem 1 Suppose that there are two entangled states each in one of the states |X ± . Let us mark the them by
where the subscripts (1,3) and (2,4) denote the first l particles and the last l particles in the two states, respectively. Suppose that a Bell (GHZ) measurement is performed on (1, 3) . Let us denote the measurement result as X a 13 , and the state that (2,4) collapse into as X b 24 . If the two states |X a 12 and |X b 34 meet the following two conditions:
The graphical description of the entanglement swapping between two SGHZ states, each composed of 2m particles. The marks a 1 , a 2 , . . . , a 2m and b 1 , b 2 , . . . , b 2m represents the particles in the two SGHZ states, respectively. The dotted box represents the GHZ measurement which is performed on the first m particles in each state.
1. 0i 2 i 3 · · · i n = i n+1 i n+2 · · · i 2n and 0 j 2 j 3 · · · j n = j n+1 j n+2 · · · j 2n , or 0i 2 i 3 · · · i n =ī n+1īn+2 · · ·ī 2n and 0 j 2 j 3 · · · j n = j n+1jn+2 · · ·j 2n , 2. Both |X a and |X b are in |X + or |X − , then X a 13 and X b 24 are the same. Otherwise they are different.
By Eqs. 3, 4 and 12, we can arrive easily at the following corollary:
Corollary Suppose that there are two entangled states each in one of the states |X ± . Let us mark the them by |X a 12 and |X b 34 , where the subscripts (1,3) and (2,4) denote the first l particles and the last l particles in the two states, respectively. Suppose that a Bell (GHZ) measurement is performed on (1, 3) . Let us denote the measurement result as X a 13 , and the state that (2,4) collapse into as X b 24 . If the two states |X a 12 and |X b 34 are the same, then X a 13 and X b 24 are the same.
In what follows we will consider whether two identical GHZ states can be generated by measuring any number of identical Bell states or SGHZ states. As before, we would first like to consider the entanglement swapping of Bell states. let us first consider the entanglement swapping of three identical Bell states and four identical Bell states, and then consider the general case. The entanglement swapping between three identical Bell states is given by 
From Eqs. (18) to (20) , for three identical Bell states in |0i + 1ī (note that all coefficients are ignored), if a GHZ measurement is performed on the first particle in each state, the measurement result is the same as the GHZ state that the remaining particles collapse into. Nevertheless, when three initial Bell states are in |0i − 1ī , two generated GHZ states are different. Interestingly, when the number of initial Bell states is four, whether they are in |0i + 1ī or |0i − 1ī , the two GHZ states generated after measurements are always the same. The difference between entanglement swapping results seems to be related to the number of |0i − 1ī states in the initial states. Let us first consider the following entanglement swapping cases to discuss this problem: 
In each case described in Eq. 21, the two GHZ states obtained after measurements are different, while in each case described in Eq. 22, the two GHZ States obtained are the same. Let us now consider the general case. Suppose that there are n Bell states, among which m states are in |0i − 1ī and the rest are in |0i + 1ī . Let us denote these states as |B 1 , |B 2 , . . . , |B n , respectively, and assume that a GHZ measurement is performed on the first particle in each Bell state, then we arrive at 1}, k=1,2,3 ,...,2n 0a 2 a 3 ···a n =a n+1 a n+2 a n+3 ···a 2n
Note that in the third step of the above equation, we obtain the polynomial with 2 n terms, and then in the fourth step, we add the k-th (k = 1, 2, . . . , 2 n−1 ) term and the (2 n − k + 1)-th term of the polynomial in turn, such that we realize the elimination in the fifth step (similarly hereinafter). From Eq. 23, when there are an even number of initial Bell states in |0i − 1ī , the two GHZ states obtained after the measurement are the same, otherwise they are different. Let us finally consider the general case of entanglement swapping for SGHZ states. Suppose that there are n SGHZ states each composed of 2l particles, among which m states are the same and in |0i 2 i 3 · · · i l i l+1 · · · i 2l − 1ī 2ī3 · · ·ī līl+1 · · ·ī 2l while the rest are the same and in |0i 2 i 3 · · · i l i l+1 · · · i 2l − 1ī 2ī3 · · ·ī līl+1 · · ·ī 2l . Let us denote these states as |S 1 , |S 2 , . . . , |S n , respectively, and assume that a GHZ measurement is performed on the first l particles in each state, then we arrive at |S 1 ⊗ |S 2 ⊗ · · · ⊗ |S n = (−1) c 1 |0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 0i 2 i 3 · · · i 2l + (−1) c 2 0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l + (−1) c 3 0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l 0i 2 i 3 · · · i 2l + · · · + (−1) c 2n 1ī 2ī3 · · ·ī 2l 1ī 2ī3 · · ·ī 2l · · · 1ī 2ī3 · · ·ī 2l = (−1) c 1 |0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i n i l+1 i l+2 · · · i 2l · · · i l+1 i l+2 · · · i 2l + (−1) c 2 0i 2 i 3 · · · i l · · · 1ī 2ī3 · · ·ī l i l+1 i l+2 · · · i 2l · · ·ī l+1īl+2 · · ·ī 2l + (−1) c 3 0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i l i l+1 i l+2 · · · i 2l · · ·ī l+1īl+2 · · ·ī 2l i l+1 i l+2 · · · i 2l + · · · + (−1) c 2n 1ī 2ī3 · · ·ī l · · · 1ī 2ī3 · · ·ī līl+1īl+2 · · ·ī 2l · · ·ī l+1īl+2 · · ·ī 2l 1}, k=1,2 ,...,2nl 0a 2 a 3 ···a nl =a nl+1 a nl+2 ···a 2nl (−1) c j |0a 2 a 3 · · · a 2nl + (−1) m−c j |1ā 2ā3 · · ·ā 2nl if 0i 2 i 3 · · · i l = i l+1 i l+2 · · · i 2l ; b k ∈{0,1}, k=1,2,...,2nl
if m is an even number;
where c j ( j = 1, 2, . . . , 2n) denote the number of 1ī 2ī3 · · ·ī 2l in the item |0a 2 a 3 · · · a 2nl , p = a 2 ·2 nl−2 +a 3 ·2 nl−3 +· · ·+a nl ·2 0 , and q = b 2 · 2 nl−2 + b 3 · 2 nl−3 + · · · + b nl · 2 0 .
We now consider the more general case. Suppose that there are n entangled states, each of which consists of 2l particles and satisfies the two conditions in Theorem 1, and among which m states and in |X + (see Eq. 16) while the rest are in |X − . Let us denote these states as |G 1 , |G 2 , . . . , |G n , where |G k = 0i k 2 i k 3 · · · i k 2l − 1ī k 2ī k 3 · · ·ī k 2l (k = 1, 2, . . . , n), and assume that a GHZ measurement is performed on the first l particles in each state, then we arrive at |G 1 ⊗ |G 2 ⊗ · · · ⊗ |G n = (−1) c 1 0i 1 2 i 1 3 · · · i 1 2l 0i 2 2 i 2 3 · · · i 2 2l · · · 0i n 2 i n 3 · · · i n 2l + (−1) c 2 0i 1 2 i 1 3 · · · i 1 2l 0i 2 2 i 2 3 · · · i 2 2l · · · 1ī n 2ī n 3 · · ·ī n 2l + (−1) c 3 0i 1 2 i 1 3 · · · i 1 2l 0i 2 2 i 2 3 · · · i 2 2l · · · 1ī n−1 2ī n−1 3 · · ·ī n−1 2l 0i n 2 i n 3 · · · i n 2l + · · · + (−1) c 2n 1ī 1 2ī 1 3 · · ·ī 1 2l 1ī 2 2ī 2 3 · · ·ī 2 2l · · · 1ī n 2ī n 3 · · ·ī n 2l = (−1) c 1 0i 1 2 i 1 3 · · · i 1 l · · · 0i n 2 i n 3 · · · i n l i 1 l+1 i 1 l+2 · · · i 1 2l · · · i n l+1 i n l+2 · · · i n 2l + (−1) c 2 0i 1 2 i 1 3 · · · i 1 l · · · 1ī n 2ī n 3 · · ·ī n l i 1 l+1 i 1 l+2 · · · i 1 2l · · ·ī n l+1ī n l+2 · · ·ī n 2l + (−1) c 3 0i 1 2 i 1 3 · · · i 1 l · · · 0i n 2 i n 3 · · · i n l i 1 l+1 i 1 l+2 · · · i 1 2l · · ·ī n−1 l+1ī n−1 l+2 · · ·ī n−1 2l i n l+1 i n l+2 · · · i n 2l + · · · + (−1) c 2n 1ī 1 2ī 1 3 · · ·ī 1 n · · · 1ī n 2ī n 3 · · ·ī n lī 1 l+1ī
We can now summarize the above calculation results as follows:
Theorem 2 Suppose that there are n entangled states, each of which consists of 2l particles and satisfies the two conditions in Theorem 1, and among which m states and in |X + (see Eq. 16) while the rest are in |X − . Let us assume that a GHZ measurement is performed on the first l particles in each state, and denote the measurement result as |X a , and the state that the remaining particles collapse into as |X b . If the number of entangled states in |X − ) is even (i.e., m is an even number), then |X a and |X b are the same, otherwise they are different.
Then we can arrive at the following two corollaries:
Corollary 1 Suppose that there are n entangled states each composed of 2l particles, m of which are the same and in the state |X − (see Eq. 16), and the rest are the same and in the state |X + . Let us assume that a GHZ measurement is performed on the first l particles in each state, and denote the measurement result as |X a , and the state that the remaining particles collapse into as |X b . If the number of entangled states in |X − ) is even (i.e., m is an even number), then |X a and |X b are the same, otherwise they are different.
Corollary 2 Suppose that there are n identical entangled states where n ∈ N + and n ≥ 2, and that a GHZ (Bell) measurement is performed on the first l particles in each state (note that the measurement is a Bell measurement iff n = 2 and l = 1). Let us mark the measurement result by |X a , and the state that the remaining particles collapse into by |X b . If all the initial states are in |X + then |X a and |X b are always the same whether n is odd or even. If all the initial states are in |X − , then |Υ a and |Υ b are the same when n is even, otherwise they are different.
Corollary 1 can be proved by Eqs. 24. Let us prove Corollary 2.
Proof First is the entanglement swapping between n identical quantum states in |X + , X + ⊗ X + ⊗ · · · · · · ⊗ X + = |0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 0i 2 i 3 · · · i 2l + 0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l + 0i 2 i 3 · · · i 2m 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l 0i 2 i 3 · · · i 2l + · · · + 1ī 2ī3 · · ·ī 2l 1ī 2ī3 · · ·ī 2l · · · 1ī 2ī3 · · ·ī 2l = |0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i l i l+1 i l+2 · · · i 2l · · · i l+1 i l+2 · · · i 2l + 0i 2 i 3 · · · i l · · · 1ī 2ī3 · · ·ī l i l+1 i l+2 · · · i 2l · · ·ī l+1īl+2 · · ·ī 2l + 0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i l i l+1 i l+2 · · · i 2l · · ·ī l+1īl+2 · · ·ī 2l i l+1 i l+2 · · · i 2l + · · · + 1ī 2ī3 · · ·ī l · · · 1ī 2ī3 · · ·ī līl+1īl+2 · · ·ī 2l · · ·ī l+1īl+2 · · ·ī 2l 1}, k=1,2,3 ,...,2nl 0a 2 a 3 ···a nl =a nl+1 a nl+2 a nl+3 ···a 2nl
where p = a 2 · 2 nl−2 + a 3 · 2 nl−3 + · · · + a nl · 2 0 and q = b 2 · 2 nl−2 + b 3 · 2 nl−3 + · · · + b nl · 2 0 (similarly hereinafter). Next is the entanglement swapping between n identical quantum states in |X − , X − ⊗ X − ⊗ · · · · · · ⊗ X − = (−1) c 1 |0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 0i 2 i 3 · · · i 2l + (−1) c 2 0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l + (−1) c 3 0i 2 i 3 · · · i 2l 0i 2 i 3 · · · i 2l · · · 1ī 2ī3 · · ·ī 2l 0i 2 i 3 · · · i 2l + · · · + (−1) c 2n 1ī 2ī3 · · ·ī 2l 1ī 2ī3 · · ·ī 2l · · · 1ī 2ī3 · · ·ī 2l = (−1) c 1 |0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i l i l+1 i l+2 · · · i 2l · · · i l+1 i l+2 · · · i 2l + (−1) c 2 0i 2 i 3 · · · i l · · · 1ī 2ī3 · · ·ī l i l+1 i l+2 · · · i 2l · · ·ī m+1īl+2 · · ·ī 2l + (−1) c 3 0i 2 i 3 · · · i l · · · 0i 2 i 3 · · · i l i l+1 i l+2 · · · i 2l · · ·ī l+1īl+2 · · ·ī 2l i l+1 i l+2 · · · i 2l + · · · + (−1) c 2n 1ī 2ī3 · · ·ī l · · ·1ī 2ī3 · · ·ī līl+1īl+2 · · ·ī 2l · · ·ī l+1īl+2 · · ·ī 2l 
where c j ( j = 1, 2, . . . , 2n) denote the number of 1ī 2ī3 · · ·ī 2l in the item |0a 2 a 3 · · · a 2nl .
2. Alice takes the first particles marked by p 1 i (i = 1, 2, . . . , n) out from φ + (p 1 i , p 2 i ) to construct the new sequence p 1 1 , p 1 2 , . . . , p 1 n . The remaining particles construct another new sequence p 2 1 , p 2 2 , . . . , p 2 n . Then Alice sends the particle marked by p 1 i to Bob i . 3. Alice performs GHZ measurements on the articles marked by p 2 1 , p 2 2 , . . . , p 2 n , and then Bob i performs single-particle measurements on his particle marked by p 1 i . Let us denote the measurement result of Alice as |X a , then |X a = |0 j 2 j 3 · · · j n + 1j 2j3 · · ·j n or |0 j 2 j 3 · · · j n − 1j 2j3 · · ·j n ,
where j k ∈ {0, 1} ∀k = 2, . . . , n. Alice calculates j 2 · 2 2n−2 + j 3 · 2 2n−3 + · · · + j 2n · 2 0 , and takes the calculation result as a key; this key is unknown to Bob 1 , Bob 2 , . . . , Bob n , unless they share their measurement results with each other.
For eavesdropping checking, Alice can prepare n + mn copies of the Bell state φ + (p 1 , p 2 ) in the first step, and send n + 1 particles to Bob i . Then Alice and Bob i use m Bell states to check whether there is eavesdropping in the quantum channel between them, and the remaining Bell state to complete secret sharing.
We would like to give a simple example to illustrate the correctness of the protocol. Let us assume that Alice's measurement result in the last step of the protocol is |X a = |0110 + |1001 , Alice calculates 1 · 2 2 + 1 · 2 1 + 0 · 2 0 = 6, and takes it as the secret. According to Corollary 2, the particles of Bob 1 , Bob 2 , Bob 3 and Bob 4 collapses into the same quantum state as |X a . Therefore, after they perform single-particle measurements, the binary number corresponding to the measurement results is either 0110 or 1001. If the binary number is 1001, they flip it to 0110. In this way, by sharing the measurement results, they can know Alice's secret.
Conclusion
We have introduced a special class of GHZ states, and studied the entanglement swapping schemes for any number of Bell states and the special class of GHZ states. We have shown that two identical Bell (GHZ) states can be generated through Bell (GHZ) measurements, which enables users to realize quantum key distribution, quantum secret sharing and quantum private comparison. The proposed entanglement swapping schemes will be useful for multiuser quantum cryptography and distributed quantum computing. An open question is whether there are other cases for Bell states or GHZ states except for the cases that we have described, so that two identical GHZ states can be obtained after entanglement swapping.
